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The damping of turbulent motlon in an incompressible fluid in a magnetic
fleld neglecting nonlinear effects was considered by Lehnert [1] (see also
[2]). The damping of turbulence for small magnetic Reynolds humbers was
studied in [3]. However, the analysis made in [1 and 2] is incomplete. In
fact, as will be shown herein, the partlcular case of an initial perturbation
was examined in [1]. The asymptotic behavior of the obtained solutions with
time 1s not investigated in [1 to 3].

Let us write the linearized equations of magnetohydrodynamics for the
motlon of an lncompressible conducting fluld in a magnetic field
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Here H, 1is the mean magnetic fleld, h the fluctuating field, ¢ and
v the conductivity and kinematic viscosity of the fluid.

It has been taken into account in the equations for the velocity that in
the case under consideration
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where p 1s the fluid pressure.

Let us introduce the notation

4m , 4np . . 1 .
Q1= H:z TP Q2=H—o’p J:ihj —hivj > Q’z—m{(hihi)

Here the unprimed quantities are taken at the point x , and the primed
qQuantities at the point X’= X + r ; the averaging is over all space. let
us also introduce nondimensional variables

[

The, mean quantitiles Qa. depend only on the difference pr = x'— x . Let
us conslider the vector A~ to be directed along r,. Then, as in [1], we
obtain the following system for @, from Equations (1):
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Hence, we obtain the system of equations
a d
(—5? + 23"‘2) D1 = ik1 Dy, (—6‘? + 2?:3) Oy = — ik Ds

)
i)
(—3—; + A+ R) kz) @y = 2ik; (D — Dy)
for the Fourler transform

o, (k) = (—2—;—) ’S Q, (r) e dr

The system {2) has a solution for arbitrary initlal values of & at T=0.
Its solution, obtained by Lehnert (in finding the solution it was consisered
that the desired functions have a time dependence of the form ¢™'), has the
property that the initlal values of the functions Qa are expressed in terms
of the initial values of one of them, i.e. it 1s not general. Evidently the
initial values of the functions Q‘ {in particular, the initial values of
the kinetic and magnetic energies) may be arbitrary. The solution of the
system (2) for arbitrary initial values is
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Let us investigate the solution in two particular cases: for # =1 and
R~ = , From (3) we obtain for 7 = 1

@, = [D,° cos 2kt + 1/,iD,° sin 2kt +
+ 1/, (®;° + @5°) (1 — cos 2k 1)) exp (— 2k?1)
@, = [i (D,° — @,°) sin 2kt + ©,° cos 2k 1] exp (— 2A%7)
@y = [y (@° + @) + Yy (@57 — By°) cos 2k, T — YpiD,° sin 2k, 7] exp (—25%7) (§)
Let us turn from the Fourler transforms _ to the functions ¢,. them-
selves., If the system (%) is written as @
D, = fa,ﬁ (k)(DB"

then the transformation to the functions Qa will be accomplished by means
of Formula
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in {5) are taken in the principal-value sense. They reduce to three funda-
mental integrals
o0
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00
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= 3 (5e) fore [ - B2 - exp - [ fonp (- P52
Is = §° exp (— 2k%t -+ ikp) dk = (.%); exp (— éﬁ:—?jﬁ@)

-—00
Investigating the asymptotic behavior of the functlons Qa a8 T o it
1s necessary to take into account that
o0
{ ez nac=0
-0C

because of the condition of solenoildality of the considered tensors. For

t = @

¥ 7t \Y

Il= (-211:) : e""/:"coshl/zpl’ I.z — (—E) * e-—'/,': Sinhl/z P1
"\ p1? -+ pa? 4 ps?
Lh=low) &

However, the first member in 7, vanishes upon integration with respect
to § in (5), and it is necessary to take account only of the second member
inestimating the asymptotlc of Qa . Therefore, the members wlth cos 2k, T
and sin 2k, v yleld exponentially decreasing integrals, and the remalning
terms in (41) yleld contributions, decreasing as /2, to the integrals.

The correlations between the veloclty and the magnetle fleld decrease expo-
nentially, and besides, the contribution of @, (r,0) to Q,{r, ) and Q,(r, 1)
also drops exponentially. Hence, for R = 1 when the magnetlc and kinetic
viscosities are equal, the correlations between the velocity and the magnetic
field decrease more rapldly than the other correlations; hence,. the magnetic
and kinetlc energies drop asymptotically as P It 1s interesting that

as T =~ o
@, = Yy (B° + D) oxp (— 24%1), Dy = D,

l.e. the kinetlc and magnetic energles decrease identically, albeit with an
amplitude proportional to the arithmetic mean of the initial values of the
magnetic and kinetic energles, )

For R - = we separate the domain 43> 4/R out of k-space. In the
domain k> 1/ R we can represent p, and P, approximately by means of
Expressilons

py =+ — 2k* — 2k% | kR, Pps == — 28R + 2k® | K°R
and,(b retaining the fundamental terms of the expression, to write the sya-
tem {(3) as
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(Dsoklge—zk'? 2k D oe-Zk’t
O, = TRRE e Oy = — _“I‘"I%T;l,— » D3 = ane_zk’r (v > 1) (6)

let us consider the condition R > 131 to be satisfied, Then the con-
tribution of the portion of k-spacé outside the domain k> 1/R tends to
zero as AR - » and, upon.transforming to the functions - themselves, the
ag ropriate integration may be extended over all k%space.“ As follows from
( S), the fundamental contribution to all the correlations 1s ylelded by the
inltial correlations between the magnetic fileld components. Nemely, the mag-
netic energy 1s predominant in the last stage of damping of the turbulence.
The kinetic energy is on the order of 1/}?3 relative to the magnetic energy,
and the correlation between the magnetic field and the velocity i1s on the
order of 1/}? . The magnetic energy decreases asymptotically as ¢ /s, just
as dges the correlation between the veloclty and the magnetic field. In fact,
the appropriate integrals for @, in (5) may be reduced to an integral of
the type Yer Yam

2 2

(o]
\ ak S d0 \ dok sin kz sin 0 exp (— 2kr) =
0 o 0

o Y Yy
= (o { g cos ks exp (— 2627 sin 0
0 0 o

with the asymptotic v, However, the asymptotic value of the magnetic
energy does not contain the factor 1/}? , and therefore, 1t has the greatest
order of magnitude in the final stage of damping of turbulence in an ideally
conducting fluid.

The damping of turbulaence in a weakly conducting fluild at low magnetic
Reynolds numbers was considered in [ 3], where 1t has been found that the
energy spectral denslity decreases as

(kghe)®  pe?
exp{—Z[vkz—{— _Lkzi——d—H? t

Fluctuations of the electric field were not taken into account in that
paper. However, it can be shown that taking account of these fluctuations
does not change the obtalned results. Indeed, from the magnetohydrodynamic
equations for a weakly conducting fluld

v, 1 ap (GxH; &y
ot T p oz pc v Az, 2
x H
j=s(vu+ ), divj=0,  divv=0

(here U 1is the electric potential, H, the external field), we obtain the
equations for the cprrelation functions
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Transforming to the Fourler representation and elimlnating the pressure
and potential correlations, we have Jjust as in [3]

301 kl’ pc’
= 2 kvk’-}- T m) 07} (N
Expression (7) follows from (1) if the term 3r,/3%t 1s neglected. From
(2) we then obtain 00 s
1 1
'aT"“_z(R"’+(1+R)ks+kﬁ/ki) ®)

Large values of % and small values of R correspond to low magnetic
Reynolds numbers. In this approximation (7) and (8) agree. Integrating (7)
and transforming to ¢,, we obtain

. 1\3¢ ¢ ety
it =(m)§ @0l ap[—2(tprm)irke—n]ax  ©
—0 -0
The second integral in (9) may be transformed as follows:
0 00 0O k 2.3 3
8{{ e [—2 (i + o) t] IT cos kopodhs dkads =
000 a=1
oo S 20c3t cos? 0
Cc*L COS
=S dk S d9 S dp 3! exp (— vkt — pfm—o,—+if¢)ktsine=
0 V] 0 a==1
Yame sm 8

= VR.—_ ! SdeSd‘psinOE F(—g—,—;—. —Ls‘;-’—)exp(—gfi‘T"m‘:’e) (10)

0 0 a=1

Here F 1s the degenerate hypergeometric function

1 2
F(a,B,z):1-{.%—f—!-+g—§%i——1;f2—!+..., p=§-—l‘

and the functions fa are independent of time.

Let us expand the function F 1in a series and let us limit ourselves to
the first two terms as ¢ - o ., The first member of the expanslion vanishes
upon integration with respect to t because of the solenoidality of ¢, ,
and the second yields the damping law @,~ t™®. Let us note that taking
account of the pressure fluctuations ylelds a power law of correlation dam-
ping, and not an exponential law. As in conventional hydrodynamics [4), the
asymptotic law of the degeneration of turbulence in a weakly conducti
fluid turns out to be universal (independent of the initial conditions).

The author 1s grateful to A.A.Vedenov for discussing the research.
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